A new method of handling the kinematic singularities of serial robotic manipulators is proposed. The idea is to transform the manipulator's workspace W into a desingularized workspace W*. Robotic motions can then be planned anywhere in VV', subject to limits on spatial velocity and acceleration, and the resulting joint velocities and accelerations will be well-behaved and bounded. W* differs from W only near a singularity surface, where a deformation is applied i n1 the direction normal to the surface. While the technique does not handle self-motion singularities and may not be practical in some cases, it is very easy to implement for certain manipulators, such as the PUMA, which is studied in the paper. When applicable, the method offers various advantages when compared with other methods of singularity control.
Introduction
Kinematic singularitie,s of robotic manipulators correspond to regions in the manipulator's workspace where execution of a prescribed spatial motion may lead to extremely large values of the joint velocities, accelerations, and higher time derivatives. In particular, for revolute-jointed serial robots, the outer workspace boundary usually corresponds to a singularity, making it quite difficult to perform tasks there. This boundary singularity reduces the usable workspace of the manipulator and is particularly evident to users of telerobotic systems.
In this paper, we deinonstrate the possibility of desingularizing a robot by locally deforming its workspace W in the vicinity of singularities. Motions can then be planned and directed anywhere within this deformed workspace W', using only conventional bounds V, and A , on the spatial velocity and ajcceleration, and the resulting joint velocities and accelerations will remain well-behaved and bounded, in proportion to V, and A , .
Though not able to handle self-motion singularities (such as the well-known wrist singularity), and possibly not practical for robots with complex geometry, this method has a number of advantages that should make it of interest in cases where it can be applied:
I. It can be extremely easy to implement, as our experience with the PUMA (Section 5 ) suggests. Also, this implementation requires little or no modification to existing kinematic and control routines.
The desingularization is complete, in that joint velocities, accelerations, and higher time derivatives are always well-behaved and bounded.
Path errors can be understood and quantified exactly in terms of the applied workspace deformation.
The resultingmotions are time efficient, and the robot will not get "stuck" at the singularity.
The method can be employed directly in online path generation.
The combination of these items represents a useful contribution to the state of the art. Although our method will produce path errors, these are easy to quantify (item 3) and may not be problematic in telerobotic or sensor-driven applications. Note that for the case where a robot is required to follow a fixed path without error, other methods can be used [ 11.
Only regional singularities (i.e., those associated with the translational part of the robot's kinematics) will be considered in this paper. When analyzing regional singularities, the workspace W can be considered a subset of X3, and a point X E W can be described by a vector p. The application of workspace reparameterization to more general singularities has not yet been studied. Our analysis will be based mainly on a theoretical result [9] for non-redundant serial manipulators. However, experiments involving the boundary singularity of a planar 3R robot have shown that workspace reparameterization can be applied to redundant serial robots as well.
ing path errors are hard to quantify, and accelerations and higher time derivatives are difficult to explicitly control. If higher order derivative information is utilized, then it becomes possible to produce motion along a singular direction [ 5 ] , and it has been shown that proper time-scaling of a trajectory can permit motion along any fixed path containing singularities [6,7, 11. This problem is closely connected with reparameterizing a prescribed path in order to remove the singularity [8, 9] , the notion of which has been used to improve conventional Jacobian-based control [ 101. Enhancing Jacobian-based computations with information from the manipulator's Hessian has also been studied [ 11, 121.
Workspace Desingularization
In this paper, the notion of desingularizing a manipulator's path is extended to the idea of desingularizing the entire workspace. We being by reviewing the former.
Suppose that a manipulator is requested to follow some spatial path X(s), where s is a scalar path parameter. Let In desingularizing a path, the idea is to find a reparameterization .(A) for which the corresponding d i ( X ) (and higher derivatives) exist and are well-behaved at singularities. The work of Kieffer [8] showed that this can sometimes be done by equating X with the arc-length of the spatial curve in sR7 formed by 8 ( s ) and s. In [93, it was shown that if X(s) is piecewise analytic and the robot is non-redundant, then within either a right or left neighborhood of a singularity at s = S O , an analytic reparameterization can always be formed using
where 77 is an integer guaranteed to be no greater than the root multiplicity associated with the singularity. In other words, even if 6 ( s ) is not well behaved at SO, 8(X) will be well behaved, and in fact analytic, at s = S O , X = 0. Because most singular points of non-redundant robots are associated with a root multiplicity of 2 (i.e., only two branches of the inverse kinematic solution meet there), this implies that in most situations a singularity can be removed by the reparameterization
Without loss, only such cases will be considered in the sequel.
We now turn our attention to the workspace W . The regional singularities often form smooth 2D surfaces in W , which frequently coincide with the boundary of W . Let S E W be such a singular surface, let po be a point on S, and assign a Euclidean x-y-z coordinate system at po such that the 2 axis is aligned with the surface normal n and points into W (Figure 1 ). This means that x is parallel to the degenerate direction of the singularity, and so constant speed motion along 5 is not possible at po (i.e., at x = 0 ) Moreover, if we reparameterize the x axis by X = fi, then ddj/dX willexist, for all j , at x = X = 0. This follows from (2), by considering the 2 axis itself to be a path with s x, x 2 0 and SO = 0. This suggests that smooth robot motions can be created at po by using the coordinate system A-y-z in place of x-y-z. Now, the idea is to appIy the above transformation to every point on S, creating a new workspace W* in which the effects of the singularity at S have been removed. We do this as follows. For each p E W , let d ( p ) be its distance to S , let PO be the associated closest point on S, and let n be the normal directed from S towards p. Both PO and n are well-defined if S is smooth and d ( p ) is sufficiently small.
Also, define the function r ( d ) (Figure 2 ) by
where db controls the distance from S at which the reparameterization starts to take effect. The point p* E W' corresponding to p is then given by By the arguments iibove, we can expect the inverse kinematic function to be (differentiable everywhere in W * , implying that any motion generated in W* (subject to constraints on velocity and acceleration) should result in joint velocities and accelerations which are also well-behaved.
The actual motion in W corresponding to a motion prepared in W* can be dLetermined by the inverse transformation W* + W . If for each p* E W* we let X(p*) be its distance to S* , and n* and p* ,, are the associated normal and closest point on S*, then the corresponding p E W is given by
where In particular, motions prepared as straight lines in W* will result in actual m,otions which are bent slightly within the threshold zone defined by d ( p ) 5 db (Figure 3 ). There will not, however, be any bending of motions which are perpendicular to S.
The continuity of the transform W* + W is the same as the continuityof (A). As presently defined, I'-l (A) has C( 1) continuity, meaning that position and velocity continuity will be preserved when mapping from W* back to W . To remove all the singularities of a manipulator, a reparameterization is required in the vicinity of each singular surface Si. It is possible that the above method may be difficult to apply to some surface types, or near the intersection of two or more surfaces (for the PUMA, however, surface intersection could be handled using composite mappings, as described in Section 5). Also, when two singular surfaces meet, the kinematic root multiplicity will be greater than 2, and so by equation (l) , a higher order reparameterization may be required. For the PUMA, the inverse kinematics decouples sufficiently that this is not necessary.
Workspace desingularization is probably not directly applicable to self-motion singularities, which cannot be handled by path reparameterization [9] .
An important quantity to consider is the threshold d b , which controls how much of W is deformed when constructing W * . There is no "required" value for d b . LOWering db reduces the path error (Figure 3) , but also necessitates lowering the spatial velocity and acceleration bounds, V, and A , , used to produce motions in W'. One way to accommodate this would be to vary V, and A , over different regions of W * . While the exact relationship between db, V,, A,, $ j and 6j can in principle be derived analytically, it is probably easiest to determine a good value for db empirically with a few experiments.
Desingularizing a PUMA
In this section we will construct a W* which removes the elbow and shoulder singularities of a PUMA. The surfaces associated with both of these comprise an outer sphere So with radius R,, an inner sphere Si with radius Ri, and an internal cylinder C with radius R, (Figure 4 The workspace W lies outside of C and between So and Si. So is associated with the elbow singularity, reached when the arm is fully outstretched and Q3 7r/2 -tan-l (u3/d4). C is associated with the shoulder singularity, and Si is the counterpart to the elbow singularity that occurs when the arm completely folds up on itself. On a real PUMA, limits on Q3 prevent Si from being reached, and so we need consider only So and C. The deformation at So will be considered first, with do denoting the associated deformation size db. Because So is a sphere centered on the origin, the transformations given by equations (4) and (5) The deformation around C is also easy to compute. Since the distance to C is independent of z , it occurs entirely in the z-y plane, so that pE = p , . If we then let pry E ( p z , py)T and pzy .= ( p z P;)~, and let d , denote the desired deformation size db, the calculations corresponding to (4) and (5) are:
The transformed surface C* is a slightly narrower cylinder of radius d3 -d,. The transformation of W at points close to both So and C can be handled using composite mappings. First, the deformation at So is performed, transforming W* into W,* according to equation (8). Then the deformation at C is performed, transforming W,* into W* according to equation (10). The only complication is that the first deformation modifies the shape of C near Sz, so that its radius, rather than being constant, tapers outward slightly ( Figure 5 ). To accommodate this, the value of R, used in (lo), which nor-. mally equals d3, is made a function of the value of z within W,*. This function R,(z) is tedious to solve analytically, but can be quickly determined online using a spline approximation'. Moreover, by replacing d , with d: = d , t R,(z) -d3, it is possible to ensure that the transformed C* in W remains a cylinder of radius d3 -d,.
In summary, the desingularized workspace W* looks exactly like W (Figure 4) , except that S G is slightly larger and C* is slightly narrower.
Demonstrations
The effectiveness of the reparameterization is now shown. Each example involves a straight-linemotion toward a singular point, and is illustrated by a three-frame animation.
'The surface normal of C nears: also contains a small z component, but this effect can be ignored. In the first example (Figure 6 ), the robot is driven into a shoulder singularity (i.e., the path terminates on C), nominally causing large spikes in 291 and d2. However, if the same motion is prepflred in W * , with bounds on S and S, the resulting 29j and l ) j are well-behaved.
Similar results holld for the other examples. In Figure   7 , the robot is driven along a straight line that makes tangential contact with C, so that it is driven through a shoulder singularity. Our clhoice of kinematic solutions on either side of the singularity caused nominal discontinuities in 291 and g2. These are removed, however, when the motion is putation of W* may not always be easy or possible. However, our experience with the PUMA shows that the method can be very easy to apply to certain simple manipulators.
Advantages of the method include: (a) computational and implementational ease, (b) control over accelerations and higher derivatives as well as joint velocities, (c) precise knowledge of the resulting path errors, (d) time efficient motions which don't get stuck at singularities, and (e) the ability to handle motions generated online.
Our experience with this method is very new, and so many questions remain. A more rigorous mathematical analysis is also required. Experiments involving the boundary singularity of a planar 3R arm indicate that the method can also be applied to redundant robots. It will be interesting to see how broadly applicable the method is, and how it relates to (or can be used to enhance) more traditional Jacobian-based singularity control methods.
